In this paper we demonstrate how local scale invariance or invariance under Weyl rescalings may safely coexist with broken electroweak symmetry. It is required that Weyl's geometric theory governs the affine structure of spacetime. We discuss the consequences of the resulting scale invariant theory of gravity and particles for high-energy physics and cosmology. We found that nothing besides scale invariance and cosmological inflation is required to explain the large hierarchy between the Higgs and the Planck masses. In the present set up the late-time speed up of the cosmic expansion of the universe can be explained without the need for the dark energy. Moreover, the observational evidence on accelerated expansion can be explained even if the universe is not expanding at all.
I. INTRODUCTION
The apparently straightforward statements made by Dicke in Ref. [1] about (i) the naturalness of requiring invariance of the laws of physics under transformations of units, and (ii) the fact that there may be more than one feasible way of establishing the equality of units at different spacetime points, raise the question about considering generalizations of (pseudo)Riemann geometry. The first (and simplest) such generalization that comes to one's mind is Weyl geometry [2] [3] [4] [5] [6] [7] [8] [9] (for an historical perspective on Weyl Geometry see [10] ). Weyl's geometric theory is no more than a generalization of Riemann geometry to include point dependent length of vectors during parallel transport, in addition to the point dependent property of vectors directions. It is assumed that the length of a given vector l (l ≡ g µν l µ l ν ) varies from point to point in spacetime according to: dl = lw µ dx µ /2, where w µ is the Weyl gauge boson. Hence, if attach a spacetime vector to a given standard unit of length, the second of the Dicke's statements above finds a natural realization in Weyl geometry. The first of the statements made by Dicke -see also [11, 12] -can be implemented in any theory of gravity which is invariant under the Weyl rescalings/local scale transformations:
where the (smooth) positive spacetime function Ω 2 = Ω 2 (x) is the conformal factor, and the spacetime coincidences/coordinates are kept unchanged.
A question then arises: can be general relativity (GR) coupled to the standard model of particles (SMP) compatible with scale invariance? The answer is affirmaa Electronic address: iquiros6403@gmail.com 1 The conformal transformation of the metric in (1) is what Dicke regards as a transformation of units in [1] .
tive. In the references [9, [13] [14] [15] this was achieved by means of different approaches sharing certain similitude:
In all of them a certain additional scalar field (identified with the dilaton in [14] ) is non-minimally coupled to gravity and mediates the breakdown of local scale invariance in our present Universe. There are also important differences among these approaches. While in the model of [14] the geometrical structure of spacetime is just (pseudo)Riemann as in GR, in [9] , [13] and [15] Weyl geometry is invoked instead. This is not to mention that in [9] quadratic curvature terms are also included in the action. In [16] it has been shown that scale invariance is very much related with the effect of asymptotic conformal invariance, where quantum field theory predicts that theory becomes effectively conformal invariant. Meanwhile in Ref. [17] the authors present the most general scalar tensor theories, in four dimensions, consistent with second order field equations which exhibit (local) scale invariance.
The most salient similitude of all of the above approaches is the requirement of breakdown of local scale invariance, by means of a Higgs-like mechanism, at a certain stage when matter (in particular the SMP) is considered. Hence, invariance under the local scale transformations (1) -units transformations in Dicke's sense -in our present Universe seems to be forbidden. A typical argument on breakdown of scale invariance goes like this. Consider the following generic theory proposed in [13] , which is a modification of the proposal [11, 18] by replacing the scalar field by the Higgs field of the standard model of particles:
where ξ is the non minimal coupling parameter, and we are using the unitary gauge for the Higgs isodoublet
In equation (2) ,
etc., are the Riemann-Christoffel curvature tensor, the Ricci tensor, the curvature scalar and the covariant derivative operator of the Weyl geometry, respectively. These are defined in terms of the affine connection of the Weyl space:
where { µ αβ } are the standard Christoffel symbols of the metric (properly the affine connection of the Riemann space). The gauge covariant derivative of the Higgs field is defined as
where
is the gauge covariant derivative in the standard electroweak (EW) theory, with
k -the Pauli matrices, and (g, g ′ ) -the gauge couplings [13] . It is evident that, if set the mass parameter v 0 = 0, the action (2) is invariant under the Weyl rescalings (1) plus the scale transformation:
However, given that, in general, the mass parameter is non-vanishing (v 2 0 = 0), then the EW symmetry breaking potential in (2) not only allows for generation of masses of the gauge bosons (and fermions) but, also, generates the Planck mass M pl = √ ξ v 0 , where v 0 ≈ 246 GeV, and ξ ∼ 10 32 − 10 34 is too large to meet the observational constraints.
2 The non vanishing mass parameter v 0 not only allows for EW symmetry breaking but, also, it is responsible for the breakdown of scale invariance.
In the GR gauge where
the theory (2) is known as "induced gravity" [20] . Among other things this theory has been investigated as a model of Higgs inflation [21] . A trivial modification of the induced gravity model which is given by the action:
2 The first bound on the value of the non minimal coupling (ξ < 2.6 × 10 15 ) was derived in [19] .
where all quantities are in the GR gauge (w µ = 0), has been investigated in [22] as a model to address both early (Higgs) inflation and particle phenomenology, 3 while in [24] it has been shown to provide a description of both primordial inflation and late-time acceleration of the cosmic expansion (as well as the dark matter in the universe), if the dynamics of the Higgs field's phase is taken into account. In [25] the action (7) is complemented with higher derivative terms.
Although the approaches [9, [13] [14] [15] are designed to allow for scale invariance within a scheme where the SMP is coupled to gravity, in these models the breakdown of gauge (EW) symmetry is acompanied by breakdown of scale invariance. Hence, in the next level of complexity one might wonder: can local scale invariance coexist together with breakdown of EW symmetry when the SMP is coupled to gravity? In other words -keeping on the spirit of Dicke's thoughts -, can be scale invariance a symmetry of our present Universe? In this paper we will investigate this issue. We shall show that if the Weyl's geometric theory -in particular a special case of it called as Weyl integrable geometry -governs the affine properties of the spacetime, scale invariance and symmetry breaking can be compatible concepts, i. e., local scale invariance and broken EW symmetry may safely coexist together. The physical consequences of the resulting scale-invariant theory of gravity and the SMP for particle physics and cosmology is very interesting: nothing besides scale invariance and cosmological inflation is necessary to explain the large hierarchy between the Planck and EW energy scales. Besides, due to the gauge freedom associated with scale invariance, the late-time speed up of the cosmic expansion can be explained without resorting to the exotic dark energy component of the cosmic budget. Moreover, the evidence on accelerated expansion can be explained in our set up even if the universe is not expanding at all.
The paper has been organized in the following way. The details of the scale invariant theory of gravity and SMP proposed here are exposed in section II, while in section III we discuss its main differences with other apparently similar approaches [9, [13] [14] [15] . One of the main consequences of our setup is discussed in section IV: varying masses of elementary particles and of composite systems. Several subtleties associated with the geodesics in Weyl spaces are also discussed in this section. In section V we discuss the conservation of energy in our framework. The very important issue of identifying which quantities are physically meaningful is discussed in section VI. This issue is fundamental to understand the way the large hierarchy between the Planck and EW energy scales arises in our set up. In order to illustrate the gauge freedom associated with scale invariance simple cosmological solutions to the Weyl-Einstein's equations are derived in section VII. In section VIII the origin of the redshift of frequencies is explained. This issue is important to understand how the late-time speed up of the cosmic expansion can be explained in this set up. The late-time acceleration of the expansion and the hierarchy between the Planck and EW energy scales are discussed in sections IX and X respectively. Brief conclusions are given in section XI.
II. SCALE INVARIANT THEORY OF GRAVITY AND THE SMP
It is known since long ago that a drawback of Weyl's geometric theory is associated with non-integrability of length in this theory. Actually, under parallel transport of a vector l along a closed path in spacetime, its length l = |l| is changed according to: l = l 0 exp dx µ w µ /2. This might be associated with an unobserved broadening of the atomic spectral lines, also known as the "second clock effect" [5] . There is a simpler variant of Weyl geometry called as "Weyl integrable geometry" (WIG), which is free of the mentioned problem. WIG is obtained from Weyl theory if make the replacement w µ → ∂ µ ϕ, where ϕ is known as the Weyl gauge scalar. In this case, since dx µ ∂ µ ϕ/2 = 0, then the length of a vector is integrable. Although several authors consider the above replacement as a trivial gauge and identify the resulting geometry with standard Riemann space, this is wrong. In fact, in the obtained affine structure, the (integrable) lengths of vectors are actually point dependent. As a result, the affine connection (Eq. (3) with the replacement
the non-metricity condition of WIG
the corresponding WIG Riemann-Christoffel and Ricci tensors, and the covariant derivative operator
among other quantities, are all invariant under the following local scale transformations/Weyl rescalings:
This means that there is not a single Weyl integrable space (M, g µν , ϕ), but a whole equivalence class of them:
such that any other pair (ḡ µν ,φ) related with (g µν , ϕ) by a scale transformation (10) , also belongs in the conformal equivalence class C. This property is not shared by (pseudo)Riemann geometry which corresponds to the particular GR gauge: ϕ = ϕ 0 = const. The minimal gravitational action -associated with WIG background -which is invariant under the local scale transformation (10) is
Since here the effective Planck mass M 
where the gauge covariant derivative of the Higgs field is defined as
This action differs from the one in [26] -see also [27] in that the underlying geometric structure is WIG, and ϕ is no longer another singlet scalar field but it is just the Weyl gauge field of WIG geometry, i. e., the ϕ-kinetic energy term is already included in the WIG curvature scalar:
In the GR gauge (ϕ = ϕ 0 ) the theory (7) is recovered from (12) .
Since under the Weyl rescalings (10):
it is a simple exercise to show that the action (12) -with the definitions (13) -is invariant under the local scale transformations (10), (6) . We point out that the nonminimal coupling of the Higgs field to the WIG curvature scalar is not relevant for the present theory. Hence, for simplicity, in what follows in this paper we remove this irrelevant coupling and set ξ = 0. Also for simplicity of the analysis, in (12) we have omitted the EW Lagrangian terms but for the Higgs boson. However, as it was clearly shown in [13] , the EW terms missing in (12) do not spoil the scale invariance in Weylian backgrounds . For completeness, in an appendix at the end of this paper, we have included the demonstration which was given in [13] step by step.
III. DIFFERENCES WITH OTHER THEORIES
In this section we shall comment on the differences between the present approach and the apparently similar ones in [9, [13] [14] [15] . For the extent of this section the supra(sub)-index "(w)" means the theory is coupled to Weylian spacetimes in general and not just to WIG spaces as in our approach. We start with the approach in [9] , which is given by the following action:
where D µ = ∂ µ + w µ /2, W µν = ∂ µ w ν − ∂ ν w µ , and the "..." account for the terms quadratic in the curvature. As seen, in the above action the spontaneous breakdown of local scale invariance is implemented through the additional scalar field φ which acquires a vev leaving us with GR coupled to a massive vector field [9] . In [13] the action is given by (2), while in [15] the so called Weyl-Omote-Dirac action is similar to (14) :
In this theory the acquirement of mass arises as a result of coupling to gravity in agreement with the understanding of mass as the gravitational charge of fields [15] . A similitude between (14) and (15) resides in that φ is an additional scalar field of non-geometric origin (in (2) it is identified with the also non-geometric Higgs field). Unlike in the above cases, the theory of [14] is not associated with Weylian spaces but with pseudo-Riemannian spacetimes, just as in general relativity:
Here the dilaton φ does not couple to other particles of the SMP. The coupling of the SMP to gravity aims at constructing geodesically complete cosmologies [14] .
Our setup differs from all of the mentioned above [9, [13] [14] [15] in that Weyl integrable geometry -neither Weyl vector nor Riemann geometry -is adopted as the theory which dictates the affine structure of spacetime. In consequence the scalar field ϕ coupled to the curvature scalar in (12) -the Weyl gauge scalar of WIGparticipates in the definition of the affine connection of space (8), i. e., just as the metric field, the gauge scalar ϕ is of geometric nature. In this regard scale invariance is built into our scheme in such a way that, in addition to the four degrees of freedom to make spacetime diffeomorphisms, a new gauge degree of freedom to make scale transformations arises (see the related discussion in section VII). This intrinsic property of our approach is not shared by none of the existing scale invariant theories of the SMP and gravity, including the setups of references [9, [13] [14] [15] [16] [17] . Unlike the approach of [13] (see also [21, 22] ), in our setup, in order to avoid any disagreement with the existing observational constraints, we have removed the non-minimal coupling of the Higgs isodoublet to the curvature scalar ξ = 0.
IV. VARYING MASSES AND GEODESICS
In the gravitational theory depicted by (12) gravity is propagated both by the metric and by the gauge Weyl scalar, so that this is a scalar-tensor theory. However, unlike other scalar-tensor theories like, for instance, BransDicke gravity [28] , since both g µν and ϕ contribute towards the curvature of spacetime, in the present theory gravity is a fully geometrical phenomenon. In consequence, since the mass of bosons and fermions of the SMP are related with the point dependent symmetry breaking mass parameter v 0 (ϕ), the masses of the elementary particles are influenced by the spacetime curvature through the gauge scalar ϕ.
In this paper we adopt that not only the mass of elementary particles, but also the masses of composite systems like hadrons, atoms, molecules, etc., and of macroscopic bodies, depend on spacetime point the way v 0 (ϕ) does it:
This assumption is consistent with experimental evidence on the equivalence principle [29] and on variation of electron-to-proton mass relation [30] , among others. Point-dependent masses entail that the relativistic momentum vector p µ of a particle should be defined as
where dτ = −ids, and we are assuming the metric signature (− + ++). It follows that, since under (10):
while the relativistic equation in the RHS of Eq. (18) is invariant under the Weyl rescalings (10).
The geodesic equation of a particle with momentum p µ moving in a WIG background is given by:
The term in the RHS of this equation is associated with the point-dependent property of the particle's mass in WIG spacetimes and has nothing to do with any additional force. This is evident if rewrite the Eq. (19) in the equivalent form:
where we have replaced the affine parameter dσ(= e ϕ/2 dτ ) → dτ . It is evident that the geodesic equation in either form: as in Eq. (19) or as above, is also invariant under (10) .
For massless particles the geodesic equations look the same as (19) but with replacement of the 4-momentum by the wave vector
where λ is an affine parameter along the photon's path which, under (10), transforms like:
The null geodesics read:
which, since g µν k µ k ν = 0, can be rewritten in the simplified GR form:
where, as above, { µ σν } are the standard Christoffel symbols of the metric.
V. CONSERVATION OF ENERGY
An issue which can not be avoided when dealing with scale invariance, is related with conservation of energy when matter fields are included in the theory (12) . Let us consider first the theory (7) which is based on pseudoRiemannian spacetimes. Due to the Bianchi identity of the curvature tensor, the stress-energy tensor of the Higgs field
obeys the continuity equation
Under the conformal transformation of the metric in (10) the latter conservation equation is transformed into
µν is the trace of the stress-energy tensor. Hence, unless T (h) vanishes -as it is for massless particles -, the non-vanishing trace spoils any existing scale invariance. For the Higgs field, in particular, since after symmetry breaking it acquires a non vanishing mass, the scale invariance may be explicitly broken.
The above argument is true only if one deals with Riemann spaces. When WIG spaces are involved instead this argument is wrong. In fact, in this case, in the presence of matter with usual stress-energy tensor T (m) µν , the WIG-Einstein equations derived from (12) read:
is the WIG Einstein's tensor, and
is the WIG stress-energy tensor. Hence, the Bianchi identity
entails the following conservation equation:
which is invariant under (10) . Although the 'source' term in the right-hand-side (RHS) equation (26) might seem alien, it actually expresses the fact that the units of measure of the stresses and energy are point dependent units in WIG backgrounds, and should not to be associated with any additional 5-force (compare with the geodesic equation (19)). As seen it is the WIG-stress-energy tensor T µν -the one which is conserved in WIG spacetimes. An immediate consequence of this is that the gravitational coupling
pl /8π -a true constant -is the one which is measured in Cavendish experiments.
VI. MEANINGFUL QUANTITIES
If one wants to make predictions with and/or to test the present scale invariant theory of gravity and SMP, it is mandatory first to make statements about those quantities which have the physical meaning, i. e., those which can be measured in physical experiments. For this purpose one needs some guiding principle. Within general relativity, for instance, one such fundamental postulate is the principle of general covariance (PGC). In the present paper we adopt a trivial extension of the GR PGC which is compatible with scale invariance, called here as WIG PGC: "The equations of physics should have tensorial form, with the involved tensors transforming in the same way under the Weyl rescalings (10) ." According to the above WIG PGC, the physically meaningful stress-energy tensor in the WIG Einstein's equations (23) 
µν . This is in addition to the fact that, as shown in section V, the matter WIG stress-energy tensor (24) is the one which is conserved in WIG spacetimes. The components of the WIG stress-energy tensor T , T (m,w) ij , correspond to the physical parameters which are measured in experiments performed in WIG backgrounds. Take as an illustration a perfect fluid with stress-energy tensor
are the WIG energy density and barotropic pressure respectively. These are the barotropic parameters which are measured in experiments.
In the Newtonian limit where particles move slowly dx i /ds ≪ dt/ds, and only weak static gravitational field is considered:
we have for the geodesic motion:
where Φ n is the Newtonian gravitational potential. In the same limit, since
, the WIG-Einstein's field equations lead to (
so that, for a homogeneous distribution of matter within the volume Ω m :
where it is apparent that it is the Newton's constant G n = M Another meaningful quantity is the four-momentum p µ = g µν p ν , where p µ is defined in Eq. (18) . Worth noticing that for massless particles the meaningful wave vector is k µ defined in Eq. (20) , where the measured frequency ν = dx 0 /dλ. Since under (10) both the gauge boson A µ and the momentum p µ transform in the same way -as a matter of fact these are not transformed -, the above definition of the four-momentum admits a gauge extension which is consistent with scale invariance: (18)) one considers the bare mass m 0 , then under (10) p µ → Ω p µ , which means that the only way around for gauge extension compatible with scale invariance is to admit varying charge e(ϕ) = e −ϕ/2 e. In this work we do not consider this possibility.
If instead of the varying mass m(ϕ)
We end up this section with a brief summary of the main results of this and the former sections IV and V.
A. Summary of sections IV, V, and VI 1. In the theory (12) the masses of elementary particles are point-dependent due to the point dependent Higgs vev [v 0 (ϕ) = v 0 e ϕ/2 ]. The same spacetime point dependence m(ϕ) = e ϕ/2 m 0 is adopted for composite systems and macroscopic bodies.
The mass of elementary particles and of composite
systems is usually measured through methods involving their interaction with electromagnetic fields in WIG backgrounds as, for instance, in mass spectrometers. Hence, it is the geodesic equation (19) which matters, meaning that it is the varying mass m(ϕ) -and not the bare mass m 0 -the one which is measured in experiments.
According to the WIG Einstein's field equations (23), the gravitational coupling measured in gravitational experiments is the Newton's constant
pl /8π and not the much larger varying
The last two results above will be fundamental to understand the way the large hierarchy between the Planck and EW scales arises within the present scale invariant theory of gravity and SMP (see section X).
VII. COSMOLOGICAL SOLUTIONS
In order to illustrate the gauge freedom arising in the present set up due to scale invariance, in this section we shall look for simple cosmological solutions of the theory (12) . We shall assume Friedmann-Robertson-Walker (FRW) spacetimes with flat spatial sections, which are depicted by the following line element:
where t is the cosmic time and a(t) is the scale factor.
A. Vacuum cosmology
One very interesting property of the theory (12) is a direct consequence of scale invariance: There is a whole conformal equivalence class C of spacetimes (see Eq. (11)) which amount to equivalent geometrical descriptions of a same phenomenon. Mathematically this means that, in addition to the four degrees of freedom to make spacetime diffeomorphisms, a new degree of freedom to make scale transformations arises. This property is not shared by none of the existing scale invariant theories of the SMP coupled to gravity [9, [13] [14] [15] [16] [17] . To illustrate this gauge freedom let us consider vacuum cosmology within our setup (12) in a flat FRW background given by (29) . The vacuum field equations which are derived from (12) [G (w) µν = 0] can then be written as follows:
where H ≡ȧ/a, and the dot accounts for t-derivative. The Friedmann equation above can be integrated to obtain the following dependence of the scale factor upon the gauge field ϕ:
where C 0 is an arbitrary integration constant. If we substitute this a(ϕ) back into the remaining equations -second equation in (30) and KG equation -these become just identities, so that no new information can be extracted from them. This is a consequence of scale invariance since, due to this symmetry, we have the freedom to choose either any ϕ(t), or any a(t) we want. Recall that one of these degrees of freedom can be transformed in any desired way by an appropriate scale transformation of the kind (10).
In the case when a cosmological term is considered,
assuming de Sitter expansion
the relationship between the scale factor and the gauge scalar is modified:
where, for simplicity, we have assumed that H 0 = Λ/3. At small a ≪ a 0 , ϕ is almost a constant which corresponds to the GR gauge, while at large a ≫ a 0 , the relationship (31) is recovered.
B. Matter fields
Let us assume that the WIG-Einstein equations (23) are sourced by matter in the form of a perfect fluid with WIG stress-energy tensor defined in equations (27) , (28) . In this case the (0,0)-component of the WIG-Einstein equations (23) -properly the WIG-Friedmann equation -and the conservation equation (26) can be written as follows
When the cosmological fluid is just vacuum, one has that P (w) = −ρ (w) , so that the conservation equation in (34) simplifiesρ (w) =φρ (w) . This can be easily integrated: ρ (w) = C e ϕ , where C is a constant (compare with the cosmological term in Eq. (32)).
In general, when the following state equation is valid:
, where γ is the barotropic parameter of the cosmological fluid, the conservation equation in (34) can be written aṡ
which can be immediately integrated to yield the following dependence of the energy density on the gauge scalar and on the scale factor:
For radiation
while, for dust
Given the gauge freedom to make Weyl transformations, in order to obtain more information about the relationship between the gauge scalar and the scale factor from the Friedmann equation in (34) , one needs to make some statement about the cosmic dynamics. In the case of the radiation fluid, we may assume that -as in standard GR -the scale factor evolves according to
where a 0,r is an arbitrary constant. Since, according to (37), a 2 H = a 
where a * is another arbitrary constant. In the dust case, following GR results, one may impose that
where a 0,d is a constant. It follows that the Friedmann equation in (34) can be written as
where, as before, τ = ln a 2 , and we have set
1/3 . Integration of this last equation leads to the following relationship between the gauge scalar and the scale factor:
where a † is a constant (a † > a * ).
C. de Sitter expansion in the presence of matter
There is no better illustration of what the gauge freedom associated with scale invariance entails, than the following peculiar case. Let us investigate the possibility to have de Sitter expansion, H = H 0 ⇒ a = a 0 e H0t , in the presence of standard matter. For definiteness we concentrate in the dust matter case. After the mentioned assumptions the Friedmann equation in (34) can be written in the following way:
where h 0 ≡ ρ 0,d /3M 2 pl a 3 0 and we have taken into account the Eq. (36). The above equation can be integrated and we obtain
where we have appropriately chosen the integration constant C 0 = ln(h 0 /a 0 ). Hence, given that the gauge scalar ϕ is related with the scale factor by Eq. (41), a matter source in the form of a dust fluid will lead to de Sitter expansion of the universe. This means that in the present scale invariant set up we do not need the dark energy to produce late-time accelerated expansion.
VIII. REDSHIFT
As a consequence of the point-dependent property of the energy E and masses of physical systems:
the redshift of frequencies z ≡ ∆ν/ν in the present set up may be explained, at least partly, as due precisely to varying mass/energy. 7 But in order to get the whole picture one has to invoke the null geodesics (21) which dictate the way the photon's frequency depends on the spacetime point.
For illustration, let us explore the cosmological redshift arising in a FRW spacetime, in which case the nullcomponent of Eq. (21)
can be readily integrated and we obtain:
where k 0 is a constant. The point-dependent property of the masses of physical systems (like atoms, etc.), expressed through the equation (17), and the dependence of the photon's frequency upon the scale factor in (42) are enough to explain the redshift measured in cosmological observations of distant galaxies. Imagine two (identical) hydrogen atoms located in two separated galaxies: G -distant galaxy, and G 0 -our galaxy. Suppose that due to a transition between the energy levels n i and n f , the hydrogen atom at the distant galaxy G emits a photon with frequency given by the Bohr's formula:
where h is the Planck's constant, α is the fine structure constant, and m e (ϕ) = e ϕ/2 m e is the varying mass of the electron. It is apparent that the emitted frequency is a point-depent quantity as well, however, once the photon leaves the atom, it follows a null geodesic given by Eq. (21), i. e., its dynamics is dictated by Eq. (42). Let us assume also that the universe is filled with radiation, so that Eq. (38) takes place and
The magnitude of the redshift depends on the background cosmic fluid. If instead of radiation consider dust, then due to Eq. (40) one would obtain
If the galaxy G is sufficiently far apart from ours G 0 , i. e., if a 0 ≫ a E , since according to equations (38) and (40) at large a-s the gauge scalar ϕ = ϕ 0 is a constant, then 1 + z = a 0 /ā E , as in general relativity, where in the radiation dominated universe we have conveniently rescaled a E →ā E = 2a E (in the dust caseā E = 4a E ).
A. Redshift in a static universe A curious situation takes place if assume a constant scale factor in which case a static universe is involved. In this case the "Friedmann equation" in (34) can be written asφ
where we have taken into account that the continuity equation for a barotropic fluid with equation of state P (w) = (γ − 1)ρ (w) , leads to ρ (w) = ρ 0γ e −(3γ−2)ϕ/2 . Hence, according to the field equations the gauge scalar evolves in time:
This means that, while the photon's frequency does not change during propagation [a(t) = const. ⇒ ν = ν 0 ] the masses of elementary particles and composite systems do evolve in time m(t) = e ϕ(t)/2 m 0 , which leads to a net redshift even if the universe is not expanding at all. Actually, assume as before that an hydrogen atom at the distant galaxy G emits a photon of a given frequency
at cosmic time t E . Since once the photon is emitted its frequency does not change, the frequency emitted at G is the same observed in our galaxy G 0 at latter cosmic time t 0 : ν
. The observed frequency ν Obs G0 is to be contrasted with the one emitted at cosmic time t 0 by an identical hydrogen atom in our galaxy
Hence, even if the universe is not expanding, a redshift arises
which depends on the cosmic fluid which fills the static spacetime. If the space is filled with radiation 1 + z = t 0 /t E , while if the background cosmic fluid is dust then 1 + z = (t 0 /t E ) 2 . In consequence the light coming from distant galaxies redshifts more during the present matter domination stage than in the past when radiation dominated the cosmic dynamics.
Although it seems weird to have redshift without expansion, 9 it should be noticed that in the present set up gravity is propagated both by the metric field and by the gauge scalar. Hence a static FRW spacetime does not mean absence of gravity but just that, in this particular case, gravity is entirely due to the gauge scalar, i. e., it is of pure affine origin.
IX. ACCELERATED EXPANSION WITHOUT EXPANSION
One of the current mysteries cosmologists face is related with the present (unexpected) speed up of the cosmic expansion which started in the recent past. In order to explain the accelerated expansion within the general 9 See, however, Ref. [32] . relativity set up a certain exotic dark energy component is unavoidable [34] . Alternative explanations through modifications of Einstein's theory have been also considered [35] . This is not surprising that the observations on accelerated expansion can be explained even if the universe is not expanding at all [33] . As shown in section VIII A, within the present scale invariant set up there is room for redshift of light even in a static universe. In this latter case the amount of redshift is intimately linked with the properties of the cosmic background. In particular, if the universe is filled with radiation one has
where t 0 is the present cosmic time and t is the time in the past at which light was emitted. Meanwhile, during a matter dominated period
In order to have accelerated expansion it is necessary thatä > 0. Since in the present case we have no expansion at all, we are obliged to appeal to the relationship a(z) = 1/(1 + z). Then
If the FRW (static) WIG universe is filled with radiation, taking time derivatives of (49) leads to
so that the bound (51) is not satisfied. However, in a matter-dominated static WIG universe, since
the bound (51) is indeed satisfied. In this latter case one observes a redshift pattern which is consistent with accelerated expansion even if the universe is not expanding. Although the static case studied above (see section VIII A) may be considered just as a toy model which was useful to illustrate the possibilities of the present scale invariant theory, it has been shown in section VII C that, in general [a(t) = const.] accelerated de Sitter expansion is possible in a FRW universe filled with dust. Hence there is no need of any exotic dark energy component in this scale invariant set up in order to explain the late-time speed up of the cosmic expansion.
X. MASS HIERARCHY
Another nice result of the present study is that nothing more than the scale invariant theory (12) and inflation is required to explain the large hierarchy between the Higgs and Plack masses. Actually, suppose initial conditions are given in the neighborhood of the local maximum of the EW symmetry breaking potential V (|h|) = λ(|h| 2 − v 2 0 (ϕ)) 2 /4, i. e., at h = 0. Let us also assume that
. The resulting theory is just Einstein-Hilbert (de Sitter) gravity:
Since at h = 0 the EW symmetry is unbroken, the particles of the SMP remain massless. Suppose, besides, that the initial value of the mass parameter is of the order of the Plack scale (v 0 ∼ 10 19 GeV), so that a large initial vacuum energy density ρ vac = λv
pl (here we are considering the self-coupling λ ≈ 1) may fuel primordial inflation. After that the universe starts inflating and the dynamics is described by the action (12) .
To estimate the impact of inflationary expansion on the masses of SMP particles, let us assume that during the inflationary period the gravitational dynamics is approximately dictated by the WIG Einstein's equations
then, the relationship (33) takes place. As inflation proceeds, once the scale factor gets large enough a ≫ a 0 , then e ϕ/2 ∝ a −1 . The Higgs field settles down in the minimum of the symmetry breaking potential, and the SMP particles acquire masses:
It immediately follows that inflation and point dependence of mass are enough to explain the presently small mass of the SMP particles as compared with the Plack scale. Actually, suppose that during inflation the linear size of the universe has expanded by a factor f = a fin /a ini . This means that during the inflationary stage the mass parameter would have decreased by the inverse factor:
Since the masses of the SMP particles are set by the mass parameter v fin 0 :
10 Notice that, due to the condition ϕ(0) = 0, the initial value of the scale factor a(0) = 0, i. e., these initial conditions are given in the neighborhood of the big bang.
then, a modest inflationary factor f ∼ 10 16 is enough to explain the large hierarchy between the Higgs mass m h ∼ 1 TeV and the Planck mass scale v 0 ∼ M pl ∼ 10
19
GeV. Since a factor of at least 10 27 is required to explain all of the puzzles inflation solves [36] , this means that we do not need the entire inflationary epoch but just the final stages where the relationship a(ϕ) ∝ e −ϕ/2 is approximately satisfied.
To end up the above explanation we recall that, as discussed before -see Sec. VI A -the presently measured value of the Cavendish gravitational constant is
pl /8π and not the very much larger (pointdependent) M −2 pl (ϕ)/8π. Meanwhile, the masses of individual particles and of composite systems are usually measured through methods involving their interaction with electromagnetic fields in the presence of background gravity as, for instance in mass spectrometers, so that it is the geodesic equation (19) what matters, i. e., it is the varying mass m(ϕ) = e ϕ/2 m 0 ∝ f −1 v 0 and not the bare mass m 0 ∝ v 0 , the one which is measured in the laboratory.
By the same mechanism which generates the large hierarchy between the EW and the Plack energy scales, any existing dynamical vacuum energy -other than the one associated with the symmetry breaking potential -very quickly decays during inflation This vacuum energy remaining after the end of inflation is larger than the presently accepted value by some 90 orders of magnitude. This means that, in order to explain the present stage of accelerated expansion of the universe one has to renounce to an initially existing dynamical cosmological constant.
XI. CONCLUSION
Although most theories of the fundamental interactions (including general relativity and string theory) assume that the geometric structure of spacetime is pseudoRiemann, there are indications that a generalization of Riemann geometry -assumed here to be Weyl integrable geometry -might represent a better suited arena where to formulate the laws of gravity [1, 4, 5, 9, 13, 15, 37, 38] .
The setup we have explored here combines gravity and the SMP into a scale invariant scheme which is capable of explaining the large hierarchy between the Planck and Higgs scales as a by-product of cosmological inflation. The additional degree of freedom introduced by scale invariance provides also an alternative explanation of the observational evidence on late-time accelerated expansion of the universe. Due to the fact that in the present theory both the metric field g µν and the gauge scalar ϕ propagate gravity, then even in a static cosmological background a certain redshift arises which is associated with the point-dependent property of particles masses m(ϕ) ∝ e ϕ/2 . The resulting redshift depends on the properties of the cosmological background in such a way that the amount of redshift is larger in a matter-dominated universe than in the radiation domination stage. In particular, as shown in section IX, a redshift consistent with evidence on accelerated expansion may be obtained if the static universe is filled with dust.
Another encouraging feature of the present scale invariant theory of gravity and SMP -not explored in this paper -is related with the possibility of quantization. Actually, thanks to the additional degree of freedom to make scale transformations (10) , one can have gravitation even in Minkowski spacetime g µν = η µν . In this very particular case the gravitational interactions are of affine origin and are propagated by the gauge scalar ϕ alone. But we know how to quantize scalar fields in Minkowski background so that, by exploring this particular case [g µν = η µν , ϕ = ϕ(x)], we could obtain important insights into the quantum properties of gravity. Exploration of this possibility will be the subject of forthcoming work.
Although scale invariance of the fundamental laws of physics has been the subject of intensive and longstanding debate [11, 12, 16, 17] , the general consensus is that this invariance is spoilt by the Higgs mechanism for generating masses. As stated for instance in [17] , it is usually understood that in a scale invariant theory there are no mass scales and the hope is that when the symmetry is broken the large hierarchies between the mass scales emerge naturally. In the present paper we have demonstrated through a concrete example that scale invariance and the Higgs mechanism are perfectly compatible and that the hierarchy issue can be solved without renouncing to scale invariance.
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